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0. Kién thic chuin bi

Chuong nay néu dinh nghia vé cic ciu tric dai s6 cd bdn 1a nhém, vanh va trudng.
Phin ti€p theo 1a mot s6 ki€n thic tdi thi€u vé s phic va da thic.

1. Céc ciu tric dai so co ban

1.1 Pinh nghia. Cho A 1a4 mét tip hgp. MOt phép todn hai ngdi trén A 12 mot
4nh xa:
*x: AxA— A

Khi d6 dnh cua cip (z,y) € A x A bdi dnh xa % s& dudc ky hiéu la zxy

e Phép todn x goi la c6 tinh két hop néuu! (zxy)xz =z (yx2), Yz,y,2€ A

e Phép todn % goi 1a c6 tinh giao hodn néuu z+y =yxz, Yo,y € A

e Phintlie € A, goila phin ti don vi, néuu rxe=exz =z, Yz € A

Khi * viét theo 18i cong + thi phan t don vi goi 12 phdn t& khong va ky hiéu 1a 0.
Khi + vi€t theo 161 nhin - thi phin t&" ky hiéu 1a 1.

e Gia sif phép todn  c¢6 phan t& don vi e. Khi d6 = € A goi 12 kha nghich néuu ton
tai ' € A sao cho: z+2' =2/ xx = e. Khi d6 2’ phin tif nghich ddo cia z.

Khi * viét theo 16i cong, thi phan ti nghich ddo ctia  goi 1a phan ti¥ d6i va ky hiéu

’ ’ N . 1
la —z. Khi % vi€t theo 18i nhan, thi phdn t& nghich ddo ciia = ky hiéu 1a ! hay —.
T

Nhin xét. Phan tif don vi néu c6 1a duy nhAt:

Né&u e1, e 12 hai phin t don vi, thl e; = e x ex = es.

Nhin xét. Néu * c6 tinh k&t hop, thi phan t nghich dio clia = néu c6 1a duy nhit:
Né&u 2/, 2" 1 hai phan ti nghich ddo cla z, thi 2’ = 2'xe = 2'x(zx2") = (2/*z)*2" =

" "
EXxT =T .

Bai tip: Hay xét cidc phép todn cdng va nhin trén A := N,Z,Q,R c6 tinh chat
gi? C6 phan t& don vi? C6 phan t& nghich ddo?

1.2. Nhém. Mot nhém 12 mot cip (G, +), trong d6 G 12 mot tAp hop khong rng, con
* 12 mot phép todn hai ngdi trén G, thod cdc diéu kién sau:

(G1) * c6 tinh két hgp.

(G2) * c6 phan ti don vi.

(G3) Moi phén tlf ciia G déu c6 phan i nghich ddo.

Nhém G dugc goi 12 nhém giao hodan hay nhém Abel néu:

(G4) = c6 tinh giao hodn.

Ngudi ta thudng néi nhém G thay vi (G, x) khi di ngdm hi€u phép todn ndo. Qui udc
nly ciing ding cho khéi niém vanh, trudng tiép sau.

'Trong gido trinh niy: n€uu = n&u va chi néu



Vi du.

a) Tap N véi phép cong khong 1a nhém vi khong chida phan o d6i. Tdp Z,Q.R 1a
nhém giao hodn vdi phép cOng, nhung khéng 13 nhém vdéi phép nhdn vi 0 khdng cé
phin tit nghich dio.

b) Tap cdc song dnh tir mot tip X 1&n chinh X 14 m6t nhém véi phép hgp anh xa.
N6i chung nhém nay khéng giao hodn.

1.3 Vanh. Mot vanh 13 mot bo ba (R, +,-), trong d6 R 13 mot tAp khong rdng, con
+ va - 1a cdc phép todn trén R, thod cic diéu kién sau:

(R1) (R,+) 1a mdt nhém giao hodn.

(R2) Phép nhin - c6 tinh k&t hgp.

(R3) Phép nhin c6 tinh phan phdi vé hai phia ddi véi phép cOng:

zly+z)=azy+xz va (y+z)r=yzxr+zx Vr,y,z€R
N&u phép nhan cé tinh giao hodn thi R goi 1a vanh giao hodn.

Vi du.

a) Z,Q, R véi phép cong va nhin 1a cdac vanh giao hodn.

b) Z, céc 18p cdc s6 nguyén dong du theo mot sd p la vanh giao hodn véi phép cong
va nhdn dugc dinh nghia:

[m] + [n] = [m + n], [m][n] = [mn]

1.3 Truong. Mot truong 12 mot vanh giao hodn c6 don vi 1 # 0 vai moi phan ti
khdc khong cia K déu cé phan t¥ nghich ddo. Mot cich diay dd, mot trudng 1a bd
ba (K,+,-), trong d6 K 1a tip khong rdng, + va - 1a cdc phép todn trén K thod 9
diéu kién sau véi moi z,y,z € K:

Fl) (z+y)+z=z+(y+2)

(F2) 30K, z24+0=04+z==x

(F3) 3—z€eK, z+(—z)=—2z+2=0

T z+y=y+=

F5) (zy)z = z(yz)

(F6) 31e K,1#0, zl=1z==

(F7) Khiz#£0,3z ' e K, zz =212 =1

(F8) zy =yzx

(F9) z(y+z2) =2y +z=z

Vi du.
a) Vanh (Z,+,-) khong 12 trudng. (Q,+, ), (R, +-) 12 cc trudng.
b) Néu p 12 s6 nguyén (5, thi Z, 1a mot trudng. Hon nita, Z, 12 tip hitu han va véi
moi (n] € Z,, [n|+---+[n] =][0].
p lin
DPic s6 clda mot trudng K, ky hiéu char(K), 1a s6 ty nhién duong bé nhit sao



Chutong 0. Kién thitc chudn bi 3

cho 1+ ---+1=0. Néu khong c6 s tu nhién nhu vy, thi K goi la c6 dic s6 0.
S———
n 1in

Vidu. Q,R c6 dic s 0, con Z, c6 dic s6 p. Tacé 1+ 1 =0 trong Zy !

2. Trudng so phifc

Trén trudng sd thuc, khi xét phuong trinh bic hai az? 4+ bxr + ¢ = 0 trudng hgp
b? — 4ac < 0 phuong trinh vo6 nghiém vi ta khong thé 14y cin bac hai s6 4am. PE cic
phuong trinh nhv viy c6 nghiém, ta can thém vio tidp cdc sd thuc cdc cidn bic hai
clia s6 A&m. Phan nay ta sé x4y dyng tip cdc s6 phic C la mé rong tp s6 thuc R,
trén d6 dinh nghia cdc phép todn cdng va nhan d€ C la mot trudng. Hon nita, moi
phuong trinh bc hai, ching han z? + 1 = 0, déu c6 nghiém trong C.

2.1 Pinh nghia. Ta ding ky hiéu 7, goi 12 cd sé a0 , d€ chi nghiém phuong trinh
z2+1=0,ie. i = —1. Tap sO phic la tip dang:
C={z: z=a+1ib, v6ia,be R}
z = a +ib goi 1a s6 phiic, a = Rez goi 1a phan thyc, b = Imz goi 12 phan do.
Z1 = Z9 né’uu Rez1 = ReZg, Lmz1 = I]II.ZZ.
Ta xem R 1a tdp con cla C khi déng nhit R = {z € C: Imz = 0}
Tir “s6 40” sinh ra tir viéc ngudi ta khong hi€u ching khi mdi phat hién ra s& phiic.
Thyc ra s6 phic rat “thyc” nhu s thyc vay.

Vi du.
a) S& phifc z = —6 +iy/2 ¢c6 phin thuc Rez = —6, phin 40 Imz = /2.

b) P& gidi phuong trinh 22 + 22 +4 =0, ta bi€n ddi 22 + 2z +4 = (2 +1)2 + 3.
Viy phuong trinh twong duong (z + 1)2 = —3. Suy ra nghiém z = —1 + /3.

Sau diy 14 dinh nghia cdc phép toin vira thuc hién.
2.2 Cac phép toan. Trén C c6 hai phép toan dugc dinh nghia nhu sau:

Phép cong. (a+ib)+ (c+id)=(a+c)+i(b+d)
Phép nhan. (a +ib)(c+ id) = (ac — bd) + i(ad + be)

Nhén xét. Phép nhin dudc tinh nhv nhan céc s¢ thong thudng véi chd ¥ 1a % = —1.
Ménh dé. Vi cdc phép todn trén C la truong so-

Ménh dé trén d€ suy tr dinh nghia véi chi ¥ la:

Phép cong c6 phan tlf khong 12 0 = 0440, phan t& ddi cla z = a+ibla —z = —a—ib.

Phép nhin c6 phin tf don vi 124 1 = 1 + i0, nghich ddo clia z = a +ib # 0 1a
. 1 a b

c :;:az—l—bg_zaz—i—bz

aﬂz (c+id £ 0)

Su tdn tai va viéc tim nghich ddo dugc thuc hién bdi phép chia n
C 1




khi gidi phuong trinh a + ib = (c + id)(x + iy). Pdng nhat phan thyc, phdn 4o ta c6
cx—dy = a
de+cy = b

a—i—ib_ac—i—bd _,bc—ad
c+id c2+d? +Ecg+d2

Phép lién hgp. Z = a — ib goi 1a s& phdc lién hgp cla z = a + ib.

Tinh chat. z= Z, 21+ 20 =21+ 2o, Z129 = Z129.

Nhin xét. Néu z = a + ib, thi 2z = a® + b%. Tir d6 c6 thé chia 2 s8 phic bing
cdch nhin s6 lién hiép ctia mAu, ching han

2-5i  (2-5i)(3—4i) 6—23i+20i° —14—23i

3+4i (3+4i)(3—4i)  32-4%2 25

2.3 Bi€u di&n s6 phifc. Sau diy 1a mot s6 bi€u dién khdc nhau clia s6 phiic
y

o
¥

o a

Dang daisé6. z=a+ib, a,beR, i’=—1.

Dang hinh hoe. z = (a,b), a,beR.

Trong mit phdng dua vio hé toa truc Descartes v6i 1 = (1,0),i = (0,1) 1a 2 vector
co s§. Khi d6 mdi sd phiic z = a + ib dugc bi€u dién bdi vector (a,b), con C dugc
ddng nhat véi R? . Trong phép biéu dién nay phép cong s6 phic dugc bi€u thi bdi
phép cdng vector hinh hoc.

Dang lugng gidc. 2z = r(cosp +isiny)
Biéu dién s& phiic z = (a.b) trong toa dd cuc (r,¢), trong d6 r 12 d6 dai cla z, ¢ 1a
géc dinh huéng tao bdi 1 = (1,0) va z trong mit phing phitc. Ta c6:

a = TCcosp v r = |zl =+va?+b% goild modul cia z
b = rsing ¢ = Argz, goila argument cla z
Vay néu 2 # 0, thi a i b
néu z # 0, COSPY = ————=,5INP = ————=.

Ta thiy ¢ c6 v s6 gia tri sai khdc nhau k27, k € Z, trong d6 ¢6 mot gid tri p € (—, 7]
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goi 12 gid tri chinh va ky hiéu la argz. Viy c6 thé viét

Argz = argz + k2w, keZ.

Vidu. z =3 —icé modul |z| =/(V3)?2+ (—1)2 =2, vd argument argz = —3
(suy Y tanp = _T; va Rez > 0). Vdy /3 —i=2(cos(—%) +isin(—3)).

M&di cdch bi€u dién sd phifc ¢ thuin tién riéng. Sau diy 1A mot s6 Gng dung.
2.4 Ménh dé.  |z125] = [z1]|zo| vAa  Arg(z123) = Argzi + Argz
Suy ra cong thic de Moivre

(r(cos +isinp))™ = r"(cosnp +isinng), n e N

Chitng minh: N&u z; = ri(cos @1 +isinpy), z2 = ra(cos s + isin s), thi

z129 = 7172(C0S 1 COS Py — SiN py SN Py) + i(sin @y cos Yy + cos Yy sin o)
= rira(cos(p1 + p2) +isin(pr + ¢2))

Suy ra |z122| = rir2 = |21]|22], vA Arg(z122) = 1 + 2+ 2km = Argz + Argze. O

Nhin xét. V& mit hinh hoc phép nhin s& phifc r(cosp + isingp) véi sd phic z
1a phép co dan vector z ti s§ r v quay géc . (xem hinh vé)

2.5 Ciin bac n cua so phitc. Cho z € C vi n € N. Mot cin bdc n cia z 1A
mdt sd phic w thod phuong trinh w" = z.

Pé€ gidi phuong trinh trén, biéu dién z = r(cos p +isiny) vad w = p(cosh + isinf).
T cong thifc de Moivre p™(cos(nf) + isin(nf)) = r(cos p + isinp).

Suy ra

p = Ur (cdn béc n theo nghia thyc)
nf = p+2knr, kel

Viy khi z # 0, phuong trinh ¢6 ding n nghiém phén biét:

© 2m o 2m
wy = {‘/-F(cos(% + k?) + 15111(% +k -

), k=0,---,n—1

Khi z # 0, ky hiéu {/z 12 tip n cin bic n cla z. /0 =0.
Vé mit hinh hoc chiing 13 cdc dinh cia mot da gidc déu n canh, ndi ti€p dudng tron
tdm O ban kinh /7.



A r(cos ¢ + ising)z ws
e
t{?y."-’-"' ' -‘?\\Hﬂ
L ® Wy
z
7
> '---'.'.'..-_“_-.'..'.'..';-
0]
Nhin 7(cos¢ + isin ) véi z w'=1,v6in=28
Vi du.
a) Cin bc n clia 112 n s6 phic: 1,wp, -+ ,wi !, v6i wy = cos 2 4 isin 2X

b) P& tim cdc gia tri cia Y1 + 1, ta biéu chen 1+i= \/_(co:, 3 —i—ﬁb]n 4)

Suyra /1+i= 26((‘053(12 + Zkr) +isin({5 + %Tﬂ)) keZ.
Viay co6 3 gid tri phin biét 1a:

k=0, ’wU—Qé(COb ({5) +isin(75))
k=1, w = 2:3((:0:,( )+ &111(%) = wawy
k=2, wZZQG(COb(l T) +isin(1)) = wywy

3. Da thuc

3.1 Pinh nghia. Cho K la m{t trudng. Mot da thiie trén K 14 biéu thitc dang
P(X)=ay+a1 X+ +ap X",

trong 6 n € N, vi ap € K,k =0,--- ,n, goi 12 hé sd bac k cia P(X).

Hai da thic goi 12 bing nhau n€uu moi hé s& cling bic clia ching bing nhau.

Néu a, # 0, thi n goi la bac cia P(X) va ky hiéu n = deg P(X), a,, = lcP(X).

Né&u ap = 0 v6i moi k, thi P(X) goi 12 da thfl'c khong va qui udc deg(0) = —oc,

Ta thudng viét du6i dang tdng: P(X Z ap X" hay P = ZaLXk 12 t6ng v6 han

k=0
nhung chi c6 hitu han a; # 0.

Ky hiéu K[X] 1a tip moi da thic trén K.

3.2 Cac phép toan trén da thitc. Trén K[X] c6 hai phép todn cdng va nhan dinh
nghia nhu sau:
Phép cOng: Zale‘ + Z b X = Z ap + bp) X"

Phép nhéan: Za XY Zb X7) = chX]‘ véi ¢ = agb + - - - +apby = Z a;b;.
i+j=k

Ménh dé. K[X] la véi hai phép todn trén la mét vanh giao hodn.

Bai tdp: Chitng minh ménh dé trén.
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Nhén xét. deg P(X)Q(X) = deg P(X) + deg Q(X), véi moi P(X),Q(X) € K[X].

3.3 Phép chia Euclid. Cho hai da thitc Po(X), Pi(X) € K[X], Pi(X) #0.
Khi dé tén tai duy nhét cdc da thic Q(X), R(X) € K[X], sao cho

Po(X) = Q(X)PL(X) + R(X), degR(X) < deg P1(X)

Ta goi Q(X) 12 thuong , R(X) la phan du cta phép chia F,(X) cho P (X), va dugc
xdy dung cu thé theo thuét todn sau:

Thuéit toan chia Euclid.
Input: Py, Py € K[X]|, P#0
Output: Q, R € K[X], thod Py = QP, + R, deg R < deg P.

Trudce hélt cho R[) = _P(]: Q() =0.

Gid st § vong ldp thd k ta c6 Qp, Rr € K[X], thod Fy = QP + Ry

Néu ny, = deg Ry, — deg Py < 0, thi da chia xong Q = Q. R = Ry

Né&u nj. = deg Ry — deg Py > 0, thi khi hé s bic cao nhit clia Ry, bing cich:

B Ic(Ry)
Riepr = B - CEPl) o)~
Qr1 = Qr + 1o(Py)

Tacéd Fo=Qp1 P+ Ry
Do deg Ry < deg Ry, nén d&€n vong lip thi m < deg Py, ta ¢6 deg R,;, < deg P.
Khi @6 Q = Qp, R = R,,.

Vi du. Thudt todn chia Euclid X* —2X3 —6X2+12X +15 cho X®+ X2 —4X —4
¢6 thé thuc hién theo s dd

Ry = X* — 2X® — 6X% + 12X + 15 | X34+ X%2_-4X -4
R, = - 3X? — 2X%? + 16X + 15 X-3
R, = X2 4+ 4X + 3

Viy X4 -2X3 —6X2+12X +15=(X3+ X2 —4X —4)(X —-3)+ X2 +4X +3
Bai tip: Thuc hién phép chia P(X) =ag +a X + -+ +a, X" cho X —e.

3.4 Uéc chung 16n nhdt. DPa thic P(X) € K[X] goi 1o chia hét cho da thic
D(X) € K[X] néuu ton tai da thitc A(X) € K[X], sao cho P(X) = A(X)D(X).
Khi d6 D(X) goi la mot wée cia P(X) va ky h1eu D(X)|P(X).

Uéc chung 16n nhat cla cdc da thic Py(X X) € K[X], la mot da thic D(X) €
K[X], thod diéu kién:

X)|Po(X), D(X)|P1i(X) vanéu C(X)|Py(X), C(X)[P(X) thi C(X)|D(X
Khi d6 ky hiéu D(X) = GCD(Py(X), P (X))

Nhan xét. Udc chung 16n nhit dudc xdc dinh sai khdc mot hiing s& ti 1&.
Nhan xét. Néu Py = QP + R, thi GCD(F,, P;) = GCD(Py, R), vi udc chung clia



